
HW 5 - Computational Models - Fall 2015

Benny Chor, Gal Rotem and Orit Moskovich

Due: 8.1.15

Note: Unless stated otherwise, use reductions to prove inclusion.

1. (a) Let L1 = {〈D,w〉 | D is a DFA that accepts some string x that has w as a substring}.
Prove that L1 is decidable.

(b) Say that string x is a prefix of string y if a string z exists where xz = y.
Say that x is a proper prefix of y if in addition x 6= y. A language is
prefix-free if it doesn’t contain a proper prefix of any of its members.

Let L2 = {R | R is a regular expression where L(R) is prefix-free}.
Prove that L2 is decidable.

2. Recall, Lk =

{
〈M〉

∣∣∣∣ M doesn’t use more than k cells
on the tape when running on ε

}
and L =

⋃
k∈N

Lk

(defined in Rec #9). Prove that L ∈ RE - build an accepting TM for L.
You may assume 〈M〉 is a representation of a deterministic TM.

3. Let ETM = {〈M〉 |M accepts some string}. Prove:

(a) ETM ∈ RE . Show a deterministic TM that accepts ETM .

(b) ETM /∈ R.

(c) ETM 6≤m ETM .

4. For each of the following languages, determine whether they belong to R ,
RE \ R , co−RE \ R or none of the above. Prove your answer.

(a) ALLTM = {〈M〉 |M is a TM and L(M) = Σ∗}
(b) DECIDER = {〈M〉 |M is a deciding TM}

(c) H ONETM =
{
〈M,w1, w2〉

∣∣∣M is a TM that halts on exactly
one of the inputs w1, w2

}
(d) Lab = {〈M〉 | every string accepted by M has an equal number of a’s and b’s}
(e) LCFL = {〈M〉 |M recognizes a context-free language}
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5. In the following question, assume A is a non-trivial language (A 6= ∅,Σ∗).
Prove:

(a) A is decidable ⇐⇒ A ≤m L(0∗1∗)

(b) A is decidable =⇒ A ≤m HTM

Is it true that: A ≤m HTM =⇒ A is decidable? Prove your answer.

6. Let CFL be the set of context free languages.

Let C be a non trivial collection of context free languages, i.e., ∅ ( C ( CFL.
Define LC = {〈G〉 | G is a context free grammar and L(G) ∈ C}.
Prove or disprove: for all such C, LC /∈ R.

7. Let L = {〈M〉 | L(M) contains only even-length words}.
Gal is trying to prove to Orit that L /∈ RE .

Gal suggested the following mapping reduction HTM ≤m L:

Mapping Reduction f : HTM ≤m L

On input 〈M,w〉

(a) Run M on w

(b) If M halts on w:

Return M ′ = “On input x:

1. accept”

(c) If M doesn’t halt on w:

Return M ′ = “On input x:

1. If x = 11, accept

2. If x 6= 11, reject”

Orit shouted “Nonsense! this does not prove that L /∈ RE”.

Who is right?

If Gal is right, prove correctness for the reduction.

If Orit is right, suggest what is the problem in the reduction (specifically,
show which part of the definition of Mapping Reduction, Rec #8 - slide 12,
does not hold). Fix the reduction, and prove correctness.

8. Use Rice’s Theorem to prove:

(a) {〈M〉 | every string accepted by M has an equal number of a’s and b’s} /∈ R
(b) {〈M〉 |M recognizes a context-free language} /∈ R
(c) {〈M〉 |M is a TM and |L(M)| ≤ 2015} /∈ R
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